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Abstract

We obtain a bijection between the set of equivalent classes of invariant
star products on a non-degenerate triangular finite dimensional Lie bialgebra
(az, [; 1a,, r+) over the formal power series ring K, and the set h H 2(a) (7],
working in the framework developed by Etingof—Kazhdan for the quantization
of Lie bialgebras. Two of the corresponding triangular Hopf algebras over
the ring K[[]] are isomorphic if and only if the invariant star products
defining them are equivalent. Therefore, when t = 7, we obtain a set of
triangular Hopf quantized universal enveloping algebras which can also be
seen as quantizations of the deformation algebra (ah, [ 1ays r;,). Additionally,
two of them are isomorphic if and only if the above invariant star products are
equivalent.

PACS number: 02.20.Uw
Mathematics Subject Classification: 16W30, 17B62, 17B37, 46L65, 53D55

1. Introduction

(1) Given a Lie group endowed with a left-invariant symplectic structure we consider the set
of invariant star products on it. Drinfeld quantization theory of such Lie groups proves the
existence of a bijective mapping between the set of equivalent classes of those invariant star
products and the set of formal powers in the deformation parameter, the ‘Planck constant’,
with coefficients in the Chevalley second space of cohomology of the Lie algebra of the Lie
group and whose first terms coincide with the given symplectic form. The purpose of this
work is to obtain a similar theorem when the quantization of the above Lie groups is done in
the framework of the theory of Lie bialgebras developed by Etingof—-Kazhdan. This theory is
different to the Drinfeld theory. In particular, the first theory requires us to fix a Lie associator
and the second theory is based on the Campbell-Hausdorff formula. We obtain a similar
theorem to that by Drinfeld for any nondegenerate triangular Lie bialgebra over the ring of
formal power series on an indeterminate and coefficients in a field that contains the rational
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numbers. The case of Lie groups can be seen as a particular case because the corresponding
Lie bialgebra over the real numbers is nondegenerate triangular. Each invariant star product
determines a triangular Hopf algebra and we prove that two of them are isomorphic if and only
if the corresponding invariant star products are equivalent. If we identify the indeterminate of
the ring of power series with the ‘Planck constant’ what we obtain is a set of triangular Hopf
quantized universal enveloping algebras and also a necessary and sufficient condition so that
two of them are isomorphic.
More explicitly,

(2) let (a,[; ]a) be a finite dimensional Lie algebra over a field K of characteristic zero.
Let (a,, [; ]u/) be a Lie algebra over the ring K, = K[[¢]] of formal power series in
the indeterminate ¢ which is a deformation algebra [6] of (a,[; ]q), i.e., as a K;-module
a, is a[[t]] and (a,, [; ]a,) is (a,[; ]o) modulo 7. Let u be another indeterminate. Let
(ar,us [ Ja,)s 0w = a;[[u]], be the Lie algebra obtained by extension of the ring of scalars
K[[#]] — K/ [[u]l(K,, = K/[[«]] = K[[t, «u]]) from the Lie algebra (a,, [; ]u,)- LetZ be a
third indeterminate and consider the ring K, ,[[]]. Let (a;[[%]], [; 1a,1n7) be the Lie algebra
over K,[[#]] defined as before in the case of the indeterminate u.

r; € a A a will be a given nondegenerate solution of the Yang—Baxter equation (YBE),
i.e. [r1,71]qa = 0, on the Lie algebra (a, [; ]5). By nondegenerate we mean rang (r;) = dim a.

The symbol r; = 35, r1-t*"" € a, Ay, 1 € ana,l €N, will denote a nondegenerate
solution of YBE on the Lie algebra (a;, [; ]a, ).

The symbol 7, , = 3~ 71 u=Y e aull Aalull,rs€a,Aal €N, andry g =7,
will denote a nondegenerate solution of YBE on the Lie algebra (a,,u, [; ]a/.u) over the ring
K, [[u]].

Asr; € a; A a, is a solution of YBE on (a,, [; ]a,) it defines the corresponding Poisson
cohomology spaces H,’E,r[(at). As r; is nondegenerate, let u, : A(a;) —> A(a;) be the
corresponding isomorphism. Let w,, (r;) = B; € af A a be the corresponding 2-cocycle in
the Chevalley cohomology of (al, [; ]u,) with the trivial action of a, on K, and H'(a,) be
the corresponding cohomological modules. Let 1, : H é,r, (a,) — H'(a,) be the induced
mapping on cohomology spaces. Similar meanings have the symbols p,, ,, i, .

B)r e (a® a*) @ (a ® a*) will denote the canonical element. Then r = (e;,0) ® (0, €)
in any pair of dual basis. The symbol d. will denote the co-boundary of the Chevalley
cohomology of any Lie algebra with values in the adjoint representation. The symbol
(ﬂz,u ®a [ ]am@a; o Eamar, = d.(t, u)r) will denote the quasitriangular double Lie
bialgebra of the nondegenerate triangular Lie bialgebra (al,u, e €a,, = de (t)rt,u). The
element r is a solution of the YBE on (a,,u, [; ]ar_u), and defines the symmetric element
Q = r +o(r) where o is the cycle (12). Q is adur‘u@a; u-invariant and it satisfies the usual
infinitesimal tress relations. ‘

(4) We fix a Lie associator ® = expP (ht,, hty3) over K, [7, 8].

5) (Z/I (au ® ay, ), Ag"“) will denote the universal enveloping algebra of the Lie algebra

(at,u ®a . [ la,e0 ) We do not specify its product, unit or antipode.
A theorem in [7] allows us to prove the existence of a quasitriangular quasi-Hopf algebra
(U(ar. ® a2 )R, AG", @y, Ry = e*?) over the ring K, ,[[1]]. See theorem 2.1 .
Etingof-Kazhdan theory of quantization of Lie bialgebras [8] allows us to obtain an
element J,,, € (U(a.. ®a; ) @ U(ar, @ af, )R], verifying J,,, = 1 ® 1+ 51 modulo
7% such that when twisting [6] the above quasitriangular quasi-Hopf algebra via the element



J. Phys. A: Math. Theor. 41 (2008) 194016 C Moreno and J Teles

J,I’“1 we obtain a quasitriangular Hopf algebra (U (at,u @ afl U)[[h]], ATt R”v“) over the ring
K, 4[[h]]. We also write this algebra as A(a, L@ar L. -

Ttu

(6) From a theorem by Etingof-Kazhdan we can obtain an element J,,, = (%, ® #,.4)J,,, €
Ua,, @ Ua, ,)[[1]] verifying the condition jrm =1®1+ %r,,uh modulo %2 such that when
twisting via the element J r’“l the trivial triangular Hopf algebra (u a;u[[]], Ag, ., Ra,,=1® 1)
over the ring K, ,[[72]] one obtains a triangular Hopf algebra (L{ as [[R]1, Aum, RM) over the
ring K, ,[[7]]. We will denote this algebra as A a1 T3, The element J,,, is an invariant

star product on the nondegenerate triangular Lie bialgebra (a,,u, o €a, = dc(;)rm) over
the ring K, ,,, see [1, 5, 13].

(7) Now, it has a meaning to put u = h in every element appearing in the definition
of the quasitriangular quasi-Hopf algebra, quasitriangular Hopf algebra or triangular Hopf
algebra over K, ,[[7]] considered in (5) and (6). In this way, we obtain, respectively, (i)
a quasitriangular quasi-Hopf algebra (Ll (a;,h ® afrvh)[[h]], Ag"’, P, R(r)"h = e%Q) over the
ring K, [[7]]; (ii) a quasitriangular Hopf algebra (Ll(a;,h @ afm)[[h]], Alth R’fvh) over the ring
K, [[7]]; it can be obtained by a twist via the element J,,, € (U(Clt,h @a;‘rﬁ) ®L{(at,;, ®a; )) [
from that obtained in (i); and (iii) a triangular Hopf algebra (a,,h, Aam, Ra,_h) over the ring
a,[[R]]. We say that this algebra is a quantization of the pair (a,, ;). It can be obtained by

a twist via the element J . ; € Uap @ Ua, p)[[R]] from the trivial triangular Hopf algebra
(Ua,nl[R]], A,,, Ra,, = 1 ® 1) over the ring K, [[7]].

(8) The adjoint representation of a Lie group G with Lie algebra (a, [; ],) and K = R induces a
representation on the Chevalley complex H*(a) that is frivial. This classical theorem inspired
us for considering the Lie algebra isomorphisms in section 5 that allow us to obtain, in
sections 6 and 7, the equivalence of invariant star products. This equivalence allows us to
obtain the corresponding isomorphisms for Hopf algebras.

(9) In [17], we considered the problem of classification of invariant star products (ISPs) on
a nondegenerate triangular finite dimensional Lie bialgebra (a, [, |4, €4 = dcr1), 71 € A A @
over the field of real, R, or complex, C, numbers. In the notations and perspective of the
present paper it corresponds to considering the classification problem of ISPs on the frivial
nondegenerate triangular finite dimensional deformation Lie bialgebra (a @K[[t]], [, Iq,, €4, =
der1),r1 € a Aa C a; A a,. Trivial means that the Lie algebra structure of (a,, [, ]o,) over
the ring K[[#]] is just the Lie algebra obtained by extension of scalars K —> K][[#]] from the
Lie algebra structure of (a, [, ]) over K. In the present paper we consider the classification
problem for ISPs on any nondegenerate triangular finite dimensional deformation Lie bialgebra
(ar, [ Jays €a, = det)s i = P14 0, nhD e a; A g, of (a,[, 1a). As K[[7]]-modules, a,
is, in both cases, a[[¢]], but, in the general case, (a;, [, ]4,) is any Lie algebra deformation of
(a, [, 1a). When we are dealing with the general case we need to adapt the quantization theory
given in [8], part I, because it is based on a field K and not on a ring K[[#]]. This is the reason
why in [17] we had to consider the power series r, = 1 +Y_,_, r;u'"" appearing there as
convergent series in the usual sense on the vector space a A a over R or C and not in the adic
sense of the present paper for any K containing Q. In the general case, it is also necessary
to know the K[[#]] Hochschild cohomology modules H*({/a,) for the coalgebra structure of
the universal enveloping algebra /a, over K[[#]], which is not just the extension by scalars
K — K[[¢]]. A theorem by Cartier in [2] determines the Hochschild cohomology A-module
H*(I' M) for the divided powers bialgebra (in H Cartan sense), ' M, of any free A-module,
where A is any ring. The result is H*(I'M) ~ A (M), the exterior product A-module of M.
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In case the ring A is a Q-algebra, as it is the ring K[[¢]], and M is free, the bialgebra ' M
is isomorphic to the bialgebra T S(M) of symmetric tensors over M. In our case we take the
K[[#]]-module a,. Again, as K[[]] is a Q-algebra the symmetric bialgebra Sa, is isomorphic
to the K[[#]] bialgebra T Sa, of symmetric tensors over a;. We use this last isomorphism in
theorem 2.3. Then, we obtain the K[[#]]-module isomorphism H*(T Sa;) >~ A(a,). Again,
the coalgebra T Sa, over K[[#]] is isomorphic to the coalgebra U/ a, over K[[¢]]. We then have
the isomorphism of K[[¢]]-modules that we need: H*(Ua,) >~ A(a,). We may also obtain
this theorem by the pattern in Drinfeld [6] and developed in [11] after Lazard ‘Analyseurs’
theory in [3] to compute H*(U/a). In the proof of proposition 4.1, the theorem about the
cohomological interpretation of the quantum Yang—Baxter equation in the non-trivial case
(as, [, la,» €q, = dcry) is needed. This theorem was given in [13] for the trivial case. 1t remains
true in the nontrivial case and we may then apply it in this paper. Proposition 7.1 has to be
seen as in propositions 3.7 and 3.9 in [6] but considering at the basis the Lie algebra (a;, [, 14,)
over K[[#]].

The proofs of these results will appear in a forthcoming paper. References [18] and [16]
are related to the subject of this paper.

2. Quantization of the quasitriangular Lie bialgebra
(atu @ a7, s[5]a,,@a;, Earuea;,, = de(tu)r) over the ring Ky,

(1) Pentagon, hexagon properties of associators [7, 8] and the ad-invariance of 2 allow us [7]
to obtain the following:

Theorem 2.1. Let (a4, [; 1o, €a,, = de(Dreu) and (aru ® aF [ la,uoar » Eauoar, =

9
Ttu Tt Tt

d.(t, u)r) be as in (2) of section 1. Consider the K, ,[[h]]-module Z/{(at,u @ afl)“)[[h]]. The set

(U(a, ® o AT, AG", @y, Ry = e29)

is then a quasitriangular quasi-Hopf algebra over K, ,[[11]].

We do not specify the corresponding antipode. Its existence follows from theorem 1.6 in
[6] and specific forms for it may be obtained from propositions 1.1 and 1.3 in [6]. We also do
not specify product, unity or co-unity.

Definition 2.2. We say that the quasitriangular quasi-Hopf algebra over K, ,[[h]] of
theorem 2.1 is a quantization of the pair (a,,u ®a; , SZ) or that this pair is the classical
limit of the quasitriangular quasi-Hopf algebra.

(2) Part (2) of the following theorem can be proved analogously to the corresponding one
in [8] part I. We only need to remark that K, , is a Q-algebra and that the symmetric algebras
of the K, ,-modules «a, ,, afm, (at,u 5% aft’y) are isomorphic to the corresponding algebras of
symmetric tensors [2]. Then we apply, for example, corollary 3 of theorem 1 of section 2.8,
chapter III, of [4].

Theorem 2.3. Let (a4, [; la,,» £a,, = de(O)r1) and (0, @ a5, [; 1o, o0

d.(t, u)r) be as in the above theorem. Let M(t,u)y be the a,, ® a;‘liuv-modules with
one generator 11 and defined as follows: M(t,u), = L{a:u -1y Uay, - 1y = 0 and
M@, u)_-=Ua, -1_; L{a;“ -1_=0. Then

’ Ear.u@a*

Tt

(1) The equalities i+(1+) = 1i ® 14 define unique a;, ® aflv“ -module morphisms iy :
M, u)y — M(t,u)+ ®k,, M{E, u)x.
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(2) The equality ¢,,, (1) = 1, ® 1_ defines a unique a, , & afl . -module morphism ¢,,, :
U(a, ®al ) — M(t,u), ® M(t,u)_. Moreover ¢,,, is an isomorphism.

€ (L{(a,,u ® ctfl‘u)[[h]])@)2 such that, when twisting via

Jr:: the quasitriangular quasi-Hopf algebra considered in theorem 2.1, one obtains a

quasitriangular Hopf algebra, (L{(a,,u @® af,,u)[[h]]’ A R’“‘), over the ring K, ,[[]].

The element J,, , is given by
J. = (¢! —1 -1 I —1 . .

Few — (¢r/.u ® ¢r/_u)(q>l,2,34 o q)2,3,4 0023 0€2 o @2’3’4 o q>l,2,34 o(iy ® l—)(¢t,tl(1)))a
and

AT (b) = ]I;L‘l o

1,

(3) There exists an element J,

tu

u Ag’" (b) T Jrnu; Rrr.“ = G(J_l) Tru C%Q Tru ‘I

Ttu Tt

We also have J,,, = 1 Q@ 1+ %rh mod W? and R = 1 ® 1 +rh  mod h>. The
isomorphism ®,,  verifies the following equality:

cbrr,u Tt (A:)L“ ® ld)(‘]rru) Ttu (th,u ® 1) = (1 ® A(r)ru)(‘]rru) Tru (1 ® J"f,u)'

The products in these expressions are those of the enveloping algebra
U((a;,u @ afm) RK, , K;,u[[h]]) = L{(a;,u @ a;"f_u) ®k,, Ki.ullh]] defined by extension
of scalars K, , — K, ,[[h]]. This quasitriangular Hopf algebra over K, ,[[h]] will be
denoted by A(a,.“@a* ATLQ. Iy -

Tt,u

Definition 2.4. We say that the quasitriangular Hopf algebra over K, ,[[l]] considered in (3)
of theorem 2.3 is a quantization of the pair (a,,u Da; , r) or that the pair (a,,u ®a . r) is

the classical limit of the quasitriangular Hopf algebra over K, .[[7]].

Fix an ordered basis {e,} in a, ,, and its dual basis {e“} in a; . Then we may construct
. ®2 ’
ordered bases in a,, ® &} Ua,,, Ua; andU(a,, & a )

2
Lemma 2.5. The element J,,, € L{(a,,u ® a;‘I “)® [[7]] considered in theorem 2.3, (3) has the
form

1 i o

_ 11 Lik) Jik) k

th,u =1®1+ Er I+ E (rl,u s T Qil,---,l'z(k),jl,---,jz(k),k)h ’
k>2

.....

basis fixed above. The coefficients of these linear combinations are K-linear combinations of
elements determined by the structure constants of the Lie algebra (o, y, [; la,,). The element
1y .y IS present in every element of the ordered basis through the product in U (a,,u ® a:‘w), but
it does not occur in the coefficients defining Q;,

®2 . . .
where Qi . iy jtrjigok € I/{(a,,u ® a;‘[ ) are linear combinations of elements in the ordered

,,,,, 1) > J1s e J1GR) K

3. Quantization of the nondegenerate triangular Lie bialgebra
(at,u’[; layus€ar. = dc(t)""t,u)

As in [9, 8], we define the mapping x,,, : a;

Ttu

—> O by X, () = (6 ® Driu.

Proposition 3.1. The mapping 7, , : a;, ® a: L O defined by 71, ,(x; &) = x + x, (&),
is a Lie-bialgebra morphism. That is, a Lie-algebra morphism verifying de(O)riy oy =
Feru @ ) 0de(t, u)r. Moreover (%, ® & ,)r = ryy. The symbol 7, , will also denote the
unique algebra morphism i, , : U (Clr,u ®a; ) —> Ua, defined by the Lie algebra morphism
TTtu-
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Theorem 3.2. Consider the quasitriangular double Lie bialgebra (at,u e a L[ ]u,.“eaa:; )

Tru’®
€a,0a;, = de(l, u)r) over K, . Let (Z/[a,,u, Aa,‘u) be the usual Hopf universal enveloping
algebra. Let

U(ar ® a2 AN, AL, Dy, Ry = e2%)

be the quasitriangular quasi-Hopf algebra, considered in theorem 2.1, whose classical
limit is the pair (a,,,, ® a;*m, Q) Then we have (T, @ ;y) o ASJ« = Ag, © fyu
Defining ®,,, = (Fu ® Foru ® #1) Py, and Ra,, = (Fru ® 71 Ry, we get &, =
1® 1 and R,,, = 1® 1. In this way, we obtain the (trivial) triangular Hopf algebra

Ua 7], Ag,,, P, =1®1®1,Ry,, = 1® 1) over the ring K, ,[[1]]. We call this
algebra a quantization of the pair (a;, 0), see [6].

From proposition 3.1, theorem 3.2 and (3) of theorem 2.3 we obtain

Corollary 3.3. Write J,,, = (7%, ® #t1.u)Jy,, € Ua,, @ U, ,)[[7]]. Then

M) T, =1@1+3r,h+ -
@ (A, @), (1, ®1)=(1® A4, )], - (1®7,,).

3) Rq, = (Fru QT u)R™ = U(j;l) A Jp, =1@1+rh+---.

The products in these expressions coincide with the products of the enveloping algebra
Ua, 7]l = Ua[[u,h]]. The ser (Ua, [[7]], Aq,,, Ra,,), denoted by Ay gy j-1, is a
triangular Hopf algebra over K, ,[[h]]. This algebra can be obtained by a twist via the
element J ,‘rl from the trivial triangular Hopf algebra (L{ aulg . Re, =1® 1) considered
in theorem 3.2. It is a quantization of the pair (0, ,; 11 ).

From lemma 2.5 we obtain

Lemma 3.4. The element J,,  has the form

Ttu

~ 1 i A
— 11 hwdico pg ) k
Jrl.u - 1 ® 1 + Ert,uh + Z (Vr,u s rt,u Mll,---,lz(k),Jl,---,Jl(k),k)h ’
k>2
where M, iyt ik 1S @ linear combination of elements in the ordered basis chosen in
Ua, , and whose coefficients are K-linear combinations of elements (polynomials) determined
by the structure constants of the Lie algebra (a,,u, [; ]am)~ The element r,,, does not appear

. ®2
n Mil ..... i](k>,j] ..... j](k),k € (ual,u) .
We now define invariant star products.

Definition 3.5 [1, 5, 14].  An invariant star product on a nondegenerate triangular Lie
bialgebra (a,,u, [la.s€a. = dc(t)r,,u) over the ring K, , is any element F(t,u) =
280 Fe(t,u) -h* e (L{a,.u ® L{al,u)[[h]] verifying the following equalities:
(1) F(t,u) =1® 1 modh;
() F(t,u) — o (F(t,u)) = r,, h mod h?;
(3) (Aq,, ® DF(t,u) - (F(t,u) @ 1) = (1 ® Aq, )F(t,u) - (1® F(z,u)).

The products in (3) coincide with the products of the enveloping algebra Ua, ,[[h]] =

Ua[[u, h]], that is, they coincide with the K[[u, h]] linear extension of the product of the
enveloping algebra Ua,.

6
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Then we have

Proposition 3.6. The element .7,,'“ € Ua,,)®?[[R]], considered in corollary 3.3, is an
invariant star product on the nondegenerate triangular Lie bialgebra (a,,u, (o, €a, =
d, (t)r,,u) over the ring K, .

Definition 3.7 [1, 5, 14]. An invariant star product on a nondegenerate triangular Lie
bialgebra (a,, [;1a,5 €a, = dc(t)r,) over the ring K, is any element F(t) = Zgo Fi(r) -h* e
Ua, @ Ua,)[[R]] verifying the following equalities:

(1) F(t) =1® 1 modh;
(2) F(t) — o (F(t)) = r;i mod h*;
B (Aq, ®DF@) - (F)®1) = (1® Ag,)F(t) - (1 ® F(1)).

The products in (3) coincide with the products of the enveloping algebra U(a; ®k,
K[z, 1)), that is, they coincide with the K[[h]] linear extension of the product of the enveloping
algebra Ua,.

Proposition 3.8. Let F(t,u) € (Z/Iar,u ® Z/{a,,u)[[h]] be an invariant star product on the
nondegenerate triangular Lie bialgebra (a;,, [; la,,, €a,, = dc(D)71,) over the ring K, .
Consider the element F(t) € (Ua, @ Ua,)[[R]] obtained from F(t, u) by setting u = h in all
the elements defining F(t, u); in particular by setting r, 5 = 2121 r,,lhl € a;[[R]] A a;[[R]].
Then the element F(t) € (Ua, @ Ua,)[[h]] is an invariant star product on the triangular
nondegenerate Lie bialgebra (a;, [; 1q,, €a, = dc(t)1;) over the ring K,.

Obviously we have

Corollary 3.9. Let J ra € Ua, @Uay)[[1]] be the element as in proposition 3.8 obtained from
the element jrm € (Ua,’u & Ua,,u)[[h]] considered in corollary 3.3. Then .7,,‘,1 is an invariant
star product on the triangular nondegenerate Lie bialgebra (a;, [; la,, €q, = dc(t)1;) over the
ring K.

4. An invariant star product F'(t) € Ua; @ Uay)[[R]] on (a;,[; ]Bt Ea, = de()T1)
determines an element 7.7, € (a: A a)[[R]] such that F'(t) and J,, € Ua; @ Uay)[[R]]
are equivalent

Let F(t) € Ua;[[1]] ® Ua;[[1]] be an invariant star product on the nondegenerate triangular
Lie bialgebra (a;, [; la,, £€a, = dc(t)ry) over K,. Let Ay . r1(r) be the triangular Hopf
QUE algebra obtained by a twist via F~1(t) from the trivial triangular Hopf QUE algebra
(L{a,[[h]], Ay, Ry, =1Q® l). Then, this algebra is a quantization of the pair (a;, r;).

The following proposition does not depend on any specific context of quantization but
only on: (i) the notion of deformation of associative algebras; (ii) the fact that the Hochschild
cohomology of the bialgebra U/a; is H*Ua,) = A*a,, k € N, see [2]; (iii) the Hochschild
cohomological interpretation of quantum Yang Baxter equation [14, 15].

Proposition 4.1. [14] Let F(t) = Y ° F;(O)R' and F'(t) = Y_;° F/(t)h' be invariant star
products on (a;, [; la,, €q, = dc()1y). Let Ag, ), r-1r) and Aq,(my, F- ) be as above in this
section. Suppose that F (t) and F'(t) coincide up to orderk, i.e. Fi(t) = F/(t),l =1,2,... k.
Then (a) there exist hy1 € a; A o, and Ep(t) € Ua, such that F, (t) — Fra () =
his1 + dg Erq (t) where dy is the coboundary operator in the Hochschild cohomology of
Uaz; (b) hyyy is not only a Hochschild 2-cocycle but also a Poisson 2-cocycle relatively to the
invariant Poisson structure defined by the element r; € a; A a;.
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Again, the above Hochschild cohomology spaces and proposition 4.1 play a central role in
the proof of the next theorem. In the context of quantification in [8] this theorem corresponds
to a main theorem by Drinfeld in the context of quantification in [5]. In [14, 15] there is a
proof of this Drinfeld theorem. See the references in [15] for a similar theorem about star
products on general symplectic manifolds and on Poisson manifolds.

Theorem 4.2 [16, 18]. Fix a Lie associator ®. Let Aq,(n)), 71 (1) be defined at the beginning of
this section. We have (a) there exist elements ryy, = ry + 120 + rt,3h2 +... € (A*a)[[h]] and
E'n =1+ E/"h+-- -+ ES"0" +--- € Ua,[[I]] such that

F(t) = Ag, ((E™) ") - T2 o (E™ @ E™);

ie, F(t) and jf,h € (L{a, ® Z/lat)[[h]] are equivalent invariant star products over the
nondegenerate triangular Lie bialgebra (a;, [; la,, €a, = dc(t)r:) over the ring K,. (b) The
triangular Hopf QUE algebras Ay, r-1¢) and Ay, (jo -1 are isomorphic.

e

As a consequence we have the following isomorphisms:

Corollary 4.3. Let ®, ®’ be two Lie associators. Let Aq . r-1¢r) be given as in the
theorem. Let 1y, rl/’h € (A2a)[[R]] be the elements determined in the theorem by the pairs
(@5 A, F-1) and (P'; Ag, iy, r-1(r) ) respectively. Then we have

isom isom
Ag (. F1a) A Aa/[[h]],(i;‘;,lr‘ N AL gy -
' "th

5. Some properties of nondegenerate triangular Lie bialgebras
(ut,u’[; ]at,u Eap, = dc(t)rt,u) over Kt[[u]]

(1) We now develop what we wrote in section 1, (8) in the introduction. We need the following:

Proposition 5.1. Let (a,,u, Gla. e = dc(t)rr,u) be a nondegenerate triangular Lie

bialgebra over K, ,. Let (p,l.u i a, —> a,, be a Lie algebra isomorphism. Let rt’,u be

/

the element in a,[[u]] A a,[[u]] defined as r] , = ((ptl,u ® (p,l’u)r,,”.

tu

(a) The set (a,,u, L a,s E;rv“ =d, (t)rt/’u) is a nondegenerate triangular Lie bialgebra.

(b) The transposed map ((ptl’u)t tay, —> a; isa Lie algebra isomorphism.

(c) The pair ((pthu; (ptz_u = (((p,lyu)t)_l) defines a Lie bialgebra isomorphism between
the Lie bialgebra (a, @ a; b loea;  Ea@ar, = de(t, u)r) and the Lie bialgebra
(a, ) a;k/ L la@ar, s Ea,@ar, = de(t, u)r). Furthermore, this isomorphism sends the

canonical element r € (a ® a*)®2 into itself

Corollary 5.2.

(a) Under the hypotheses of the proposition let B, = w,,,(ri,) and B;, = w, (r{,) be
elements of af A ay[[u]]. Then ((ptz’u ® (ptz,u)ﬁ,,u =Bl

(b) Conversely, let B,, and ﬂr/,u be as considered in (a). Let (p,{u D0, —> o, be a Lie
algebra isomorphism and (pﬁu = ((go,l’u)t)_l. Suppose that ((piu ®§012,u)ﬁf7u = B, - Then,
((pzl,u ® (ptl,u)rf,u = rz/,u'
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(2) In the Lie algebra (a,.u [ ]am) over K, , consider the following Lie-algebra isomorphisms:
¢!, =exp(t-ady,,) where X, , = X1y +Xput +X3,07+- - € a,[[1]]. Then ¢}, = exp (—1-
ady, ) =exp (t-ady, ). Ourinterestis in the map ¢7, ® 97, = exp (ad)y, @ 1+1®ad}y, ).
Proposition 5.3. Let ;1 = B, and let B, = Bi1 + Brau + Prsu® + ... € A*(al[[u]l), or
equivalently B;, = Biu + Bout + ,33,ut2 +... € /\z(aZ[[t]]), be a nondegenerate 2-cocycle
on the Lie algebra (a,,u, [; ]a/.u)- The elements B; 1, P12, ... € /\z(aj‘) are then 2-cocycles on

the Lie algebra (a,, [; ]a,), with the trivial action, and B, 1 is nondegenerate. Let X, , be as
considered before. Then

2
eXp (ad;kxw)® (;Bt,u) = exXp (ad;kX,.u ®1+1® ade,_u)(ﬂt,u) = /Bt,u +dg (t)yt,u,
where v =1 Y5 va (O " € tak[[t]] and
yl,u(t) = (i(Xt,u)ﬁt,u)

1
You(t) = <5(i(Xt,u)ﬁt,u) o adx,,l,)

Vau(t) = (((X1.)Bru) 0 ady,, o ady,,), etc.
A converse of proposition 5.3 is
Proposition 5.4. Let B, , be as considered in proposition 5.3. Let y,, = o1 ,t + 012,,,t2 +
ag,ut3+. ealtl gy eal,l=1,2,.... Define ﬁ,"u = B +dr(t)y, .. Then, there exists

2
a unique X, = X1+ Xt + X3J,t2 +... € a,[[t]] such that exp (ad;"xm)@’ Brw) = ,3,/’,4. It
is given by

i(Xl,u)IBI,u = 0]y,

1
E(X2,) Bru +1(X1.0)Bou + E(i(Xl)'Bl) o (((X14)Bru) = a2,
i(Xl,u)IB3,u + i(XZ,u),BZ,u + i(XS,u)ﬂl,u

1
+ 5((i(X2,u),31,u) o (i(Xl,u)Bl,u) + (i(Xl,u)/gZ,u) o (i(Xl,u)Bl,u)

+ (l (Xl,u),Bl,u) o (l (X2,M)B1,u) + (i(Xl,u)ﬂl,u) o (i(Xl,u)BZ,u)
+ (i(Xl,u)ﬁl,u) o (l(Xlu)Blu) o (i(Xl,u)Bl,u)) = Q3,y, etc.
where By, € L(ay, a,; a,), [ =1,2,...are some well-determined bilinear mappings.

As B, is invertible the first equation allows us to compute X, ,. Analogously the second
equation allows us to obtain X, , etc. It is easy to obtain a general form for X, , as a function
of Xpu, 1 <k <.

(3) The following property is needed:

Proposition 5.5. Let (a,4,[; la,,. €0, = deDriu) and (aru, [; lo,» €, = d.()r},)

be nondegenerate triangular Lie bialgebras as considered in section 2. Let (a,,u ®

»€a, @0y = d.(t, u)r) and (al,u ® Al s [; ]a,‘ueaa; L Caudal, = dc(t, ”)r) be
) g "t

the corresponding quasitriangular doubles. Let (gotlu; w,,,,) to®a; — a, Day be
N u tu

A, [ Ja, @0z

Ttu

a Lie algebra isomorphism such that gotlu D0y —> Oy and Yy, oA L ay, are Lie

T1, tu

algebra isomorphisms. Let (Z)llu, V. be the extensions of (pllu and 1//, « t0 homomorphisms

Uy, — Usy, and Ua, — Ua}, . Let X(1,u) € Ula, @ af ) . Let ¢,,, and ¢,/ be
the Lie algebra- module lsomorphlsms defined in theorem 2.3, (2). Then we have

8 (s 9e)” X 00) - (12 @17)] = (@i V) 0 071) (X0 - (157 @17)).
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We can also prove the following:

Proposition 5.6. Let (a,.. [: la,,» €a,, = de(t,wriu) and (a1, [, la,,» €5, = de(t,w)r],)
be nondegenerate triangular Lie bialgebras over K, ,. Let (p,lyu T, —> @, be a Lie
algebra isomorphism such that r],, = (¢}, ® ¢!, )ri.u and let (¢! ,; ¢},) be the Lie bialgebra
isomorphism between the corresponding classical doubles constructed in proposition 5.1.

Then, we have

=~ 1. 2\ _ 1 ~
TTtu © (wt,u’ wt,u) - (pt.u O Tt ,us

=/
where 7, ,

and 7, , are defined in proposition 3.1.
6. A necessary and sufficient condition to be isomorphic two triangular Hopf algebras
Ag gz, and Ag gy 51 over Ky[[R]]

’ Ttsh

If in the expression of J,,, given in theorem 2.3 we take into account proposition 5.5 and also
the form of a Lie associator ® = e”?%27%3) we arrive at

Proposition 6.1. Hypotheses are as in proposition 5.5. Let J,; and J,,, be the corresponding

elements in theorem 2.3, (3). Suppose moreover that (gz)t{u; ’ﬁt,u) ® ((p}u; ww)Q = Q.
5 , : .

Then J,;, = ((7),1',4; Wz,u)® Jy..- In particular, this proposition is valid for the Lie bialgebra

isomorphism ((ptl’u; (ptz,u) considered in propositions 5.3 and 5.4.

(4) Using propositions 5.1, 6.1, 5.6 and corollary 5.2 we can prove

Proposition 6.2. (a) Let J r and jr{,h be elements € Ua,)®[[h]] which are invariant
star products on a nondegenerate triangular Lie bialgebra (o, [; la,, €q, = dc(t)r:) over
K, as in definition 3.5, and obtained as in corollary 3.3 and corollary 3.9, respectively
from the nondegenerate solutions r,,,r], € (a, A a;)[[ul]l of the YBE on the Lie-algebra

t,u
(a,,,,, [; ]a,,u) as in section 1. Let ji,, ,(r1,u) = Bru = Br1 + Brou + ﬂ,.guz o€ (@ Aad)[[ull
and (/) = B, = Bi1+ B u+ ﬁt’juz... € (a7 A a))[[ull. (b) Suppose that the
cocycles B, and ﬂt”u belong to the same cohomological class in H(a,,) = H2(a)[[u]), ie.,
ﬂ[qu = Br.u+dr(t) ;. for some 1-cochain y, , = yt,1u+y,,2u2+y,,3u3 - € ay[lu]l. Then, j,.,vh
and J r, are equivalent invariant star products.

To prove the converse we need the following lemma:

Lemma 6.3. Suppose that in proposition 6.2

2 R-2 R—1
Biw = B+ Brou + Brau”+ -+ B r_1u + Br,ru +oee

2 R=2 R—1
Brw=Bii+Biou+Biu+ -+ gu” "+ (B r+dray rop)u A e,

where o, (r—1) is an element in o}, that is, a 1-cochain on the Lie algebra (at, [; ]a,) over the
ring K,. This means that B, , and B, , are equal except in the term of order R — 1. Then, J i
and J v h are equivalent,

jrll.h = Aar(E‘)_l t jrm 't (E ® E),

and the element E = 1+ E; |h + Et_zhz +--- 4+ E,‘(R_l)hR_l + -+ € U, [[h]] which defines
this equivalence verifies

E1=0, Eg .... Eg-2=0, Ei-1)=x,0&-1) =, @.(&-1)-

10
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Lemma 6.3 and Hochschild cohomology properties allow us to prove

Proposition 6.4. Let J,, and J r, be as considered in theorem 6.2.  Suppose that T

and J r, are equivalent. Then B/, and B, belong to the same cohomological class, i.e.,
B . = Bru +dr(t)y,.u for some I-cochain y, , - - - € aj[[u]].

Combining the last two theorems we obtain the following result, similar in Etingof-
Kazhdan quantization theory to that by Drinfeld in [5]:

Proposition 6.5. Let J,,h and J, 2 be elements in Ua,)®*[[h]] which are invariant star
products on a nondegenemte trlangular Lie bialgebra (a;, [, 1a,, €a, = dc(t)r;) over K, as
in theorem 6.2. Then J ra and J v, are equivalent invariant star products if, and only if,
Mr,, (reu) = Bru and 7, (r[ W) = ,BZ’ . belong to the same cohomological class in H2(a)[[u]].
In other words, J ry and J, /- are equivalent invariant star products if, and only if, there exists
a I-cochain y;, € a such that ,3[ u =B +dr@®)Viu.

Proposition 6.5 and remark (2) on page 841 of [7] allow us to obtain

Proposition 6.6. Two triangular Hopf algebras A, . il and A, n). j over K [[7]]

defined as in corollary 3.9 and section 4 are isomorphic if, and only if, i, (rt w) = By and
W, () = B/, belong to the same cohomological class in H?(a)[[u]].

(5) From the above results and remark (2) on page 841 of [7] we may also prove

Proposition 6.7. Let A ! and A 2.7 be quasitriangular Hopf QUE

a; hGBa* a; 7€Ba

algebras over K;[[h]] which are quantizations, as ln theoﬁrem 2.3 after putting u = h, of
the quasitriangular Lie bialgebra (a, ® arf, [, ]a,@a:’ s Ea,@a;, = dc(t)r) over the ring K;.
Suppose that the cocycles i, ,(r1y) = Bru and (rt/,u) as in proposition 6.2 define the
same cohomological class in H?(a,)[[u]]. Then the quasitriangular Hopf QUE algebras

Q@ 20} and A, soay 2! over the ring K,[[]] are isomorphic.
)‘ h f

7. Isomorphic triangular Hopf algebras over K[[R]] of type A onn
We start from a deformation algebra (ay, [; 1q,) of the Lie algebra (a, [; ]4) over the field K
and from an element r;, = 2121 nhtl e an A ay which is nondegenerate (ry is invertible)
and a solution of the YBE ([rs, r:]lq, = 0) on the Lie algebra (as, [; Iq4,) over K[[7]].
We call the set (ag, [; 1a,, 7n) a nondegenerate triangular Lie bialgebra deformation of the
nondegenerate triangular Lie bialgebra (a, [, 1a, 1) over K. These elements are just the
elements (at, ]a,) Zz>1 nt'=' e a; Aay, [1y, r¢]a, = O considered before setting ¢ = h.
Consider two elements Ttu and r’ as in section 6. We set u = % and obtain r,; and r,’,h,
as in that section, and the corresponding propositions there. We set moreover t = i and get
T Thy € On A an. The corresponding elements J,', J-! € Uay & Uay, will also be called

Tnn’ = Thn
invariant star products on the deformation algebra (ay, [; ]a,). From proposition 6.5 we obtain

Proposition 7.1. Let J ma and J € Ua, ®Uay be the above invariant star products
on a non-degenerate triangular Lle bialgebra deformation (ay, [, la,, €a, = dc(B)rs) of
the non-degenerate triangular Lie bialgebra (a, [, la, €a = d.r1) over K. Let ,u,,h(r, n) =
Bin and ; (r;) = B, be the elements defining them and A and A the

ap, .] Cl/x rh

corresponding triangular quantized universal enveloping algebras over K[[h]] These algebras

11
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are isomorphic if, and only if, B and B/, belong to the same cohomological class in
Hi(a)[[R]].

Also, we obtain

Corollary 7.2. Suppose that the deformation algebra (o, [; 1a,) is a trivial one, that is,
it is just that obtained by extension of scalars K — K[[h]]. Suppose also that r;, = r)
and g, = r1 +nrh+ rh% + -+ and write it as ros. Similarly suppose r;, = ri and
Thp = 11+ 1ol + réh2 + .-+ and write it as ry;,. Let fon = P + foh + Bsh? + - and
ﬂé,h =pi+Bh+ ﬁéhz + - - - be the corresponding elements in (a* A a*)[[1]]. We have

(i) If Bx and By, are, for any k = 2,3,4, ..., in the same cohomological class in H?(a),

the triangular Hopf quantized universal enveloping algebras A, T, and A,, j, are
) "o.n

isomorphic and conversely.

(ii) Inthe particular case when K is the field R, what we get is that the set of equivalent classes
of quantizations (usual term) of the Lie group G with Lie algebra (a, [, 14) and endowed
with a left invariant symplectic structure B; € a* A a* is in a bijective correspondence
with the set B1 + hH 2(a)[[R]]. A theorem in the Etingof-Kazhdan setting similar to that
given by Drinfeld [5].
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